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                                                                   S1 + S2

E
→ P1 + P2,                                                    (1) 

S1, S2 P1, P2



 

𝐷𝑆𝑖,𝑒

𝑑2𝑆𝑖,𝑒

𝑑𝑥2
=

(𝑉𝑖/𝐾𝑖)𝑆𝑖,𝑒

1 + ∑ 𝑆𝑗,𝑒/𝐾𝑗
2
𝑗=1

,                                                                                              (2a)

𝐷𝑃𝑖,𝑒

𝑑2𝑃𝑖,𝑒

𝑑𝑥2
= −

(𝑉𝑖/𝐾𝑖)𝑆𝑖,𝑒

1 + ∑ 𝑆𝑗,𝑒/𝐾𝑗
2
𝑗=1

, 𝑖 = 1, 2, 0 < 𝑥 < 𝑑,                                                    (2b) 

𝑥 𝑆𝑖,𝑒(𝑥) 𝑃𝑖,𝑒(𝑥) S𝑖 P𝑖

𝑉𝑖 𝐾𝑖

𝑑 𝐷𝑆𝑖,𝑒
𝐷𝑃𝑖,𝑒

𝑖 = 1, 2

𝑆𝑖,𝑏(𝑑 + 𝛿) = 𝑆𝑖,0, 𝑃𝑖,𝑏(𝑑 + 𝛿) = 0, 𝑖 = 1, 2,                                                                (3) 

𝑆𝑖,0 S𝑖 𝑖 = 1, 2

𝑥 = 0

𝑃𝑖,𝑒(0) = 0, 𝐷𝑆𝑖,𝑒

𝑑𝑆𝑖,𝑒

𝑑𝑥
|

𝑥=0
= 0, 𝑖 = 1, 2.                                                                       (4) 

(𝑥 = 𝑑 + 𝛿),

𝑥 = 𝑑

𝐷𝑆𝑖,𝑒

𝑑𝑆𝑖,𝑒

𝑑𝑥
|

𝑥=𝑑

= 𝐷𝑆𝑖,𝑏

𝑆𝑖,0 − 𝑆𝑖,𝑒(𝑑)

𝛿
,                                                                                      (5a)

𝐷𝑃𝑖,𝑒

𝑑𝑃𝑖,𝑒

𝑑𝑥
|

𝑥=𝑑
= −𝐷𝑃𝑖,𝑏

𝑃𝑖,𝑒(𝑑)

𝛿
, 𝑖 = 1, 2.                                                                            (5b)

𝐼



𝐼 = 𝐼𝑃1
+ 𝐼𝑃2

, 𝐼𝑃1
= 𝑛1𝐹𝐷𝑃1,𝑒

𝑑𝑃1,𝑒

𝑑𝑥
|

𝑥=0
, 𝐼𝑃2

= 𝑛2𝐹𝐷𝑃2,𝑒

𝑑𝑃2,𝑒

𝑑𝑥
|

𝑥=0
,                 (6) 

𝑛1 𝑛2 𝐹

𝐼𝑃𝑖
P𝑖 𝑖 = 1, 2

𝑖 = 1, 2

𝑥 𝑥 = 𝑥/𝑑

𝑆𝑖,𝑒 �̂�𝑖,𝑒 = 𝑆𝑖,𝑒/𝐾𝑖

𝑃𝑖,𝑒 �̂�𝑖,𝑒 = 𝑃𝑖,𝑒/𝐾𝑖

𝑆𝑖,0 �̂�𝑖,0 = 𝑆𝑖,0/𝐾𝑖

𝐼𝑃𝑖
A/cm2 𝐼𝑃𝑖

= (𝐼𝑃𝑖
𝑑)/(𝑛𝑖𝐹𝐷𝑃𝑖,𝑒

𝐾𝑖)

𝑑2�̂�𝑖,𝑒

𝑑�̂�2
= 𝛼𝑖

2
�̂�𝑖,𝑒

1 + ∑ �̂�𝑗,𝑒
𝑘
𝑗=1

,                                                                                                        (7a)

𝑑2�̂�𝑖,𝑒

𝑑�̂�2
= −𝛼𝑖

2
�̂�𝑖,𝑒

1 + ∑ �̂�𝑗,𝑒
𝑘
𝑗=1

, 𝑖 = 1, 2, 0 < �̂� < 1.                                                               (7b)

𝛼𝑖
2 = (𝑑2𝑉𝑖)/(𝐷𝑆𝑖,𝑒

𝐾𝑖)

𝑉𝑖/𝐾𝑖

𝐷𝑆𝑖
/𝑑2

�̂� = 0  (4)

�̂�𝑖,𝑒(0) = 0,
𝑑�̂�𝑖,𝑒

𝑑�̂�
|

𝑥=0

= 0, 𝑖 = 1, 2.                                                                                (8) 

𝑑�̂�𝑖,𝑒

𝑑�̂�
|

𝑥=1

=   𝛽𝑆𝑖
(�̂�𝑖,0 − �̂�𝑖,𝑒(1)),                                                                                           (9a)

𝑑�̂�𝑖,𝑒

𝑑�̂�
|

𝑥=1

=  −𝛽𝑃𝑖
 �̂�𝑖,𝑒(1), 𝑖 = 1, 2,                                                                                        (9b)



 

𝛽𝑆𝑖
= (𝑑𝐷𝑆𝑖,𝑏

) (𝛿𝐷𝑆𝑖,𝑒
)⁄  ir  𝛽𝑃𝑖

= (𝑑𝐷𝑃𝑖,𝑏
)/(𝛿𝐷𝑃𝑖,𝑒

), 𝑖 = 1, 2,

𝛽𝑆𝑖
= 𝛽𝑃𝑖

= 𝛽, 𝑖 = 1, 2

𝐼

𝐼 = 𝐼𝑃1
+ 𝐼𝑃2

.                                                                                                                              (10) 

𝛼𝑖
2, 𝛽 𝛼𝑖

2

𝛼𝑖
2 ≫ 1

𝛼𝑖
2 ≪ 1

𝐼1 𝐼2

𝛼1
2 𝛼2

2 𝛼1,1
2 𝛼2,1

2

𝛼1,2
2 𝛼2,2

2

𝐼1(𝛼1,1
2 , 𝛼2,1

2 ) 𝐼2(𝛼1,2
2 , 𝛼2,2

2 )

𝐼1 𝐼2

S𝑖 �̂�𝑖,0 𝑖 = 1, 2

𝑠 = (�̂�1,0, �̂�2,0) 𝑠 𝜖 𝑆 = [3,2; 12,8]2

𝑝, 𝑞 𝛼 
2

𝛼1,1
2 = 𝛼 

2,            𝛼2,1
2 = 𝑝𝛼 

2,                                                                                                 (11a)

𝛼1,2
2 = 𝑞𝛼 

2, 𝛼2,2
2

= 𝑞𝑝𝛼 
2.                                                                                                          (11b)

𝛼 
2 𝑝 𝑞

𝑞

𝑝

𝛽 = 1



𝑐�̃� = ∑ 𝛼𝑠,𝑖𝜙(𝐵𝑠𝐼𝑇 + 𝛾𝑠) + 𝜗𝑖 ,   𝑖 = 1, 2,

𝐻

𝑠=1

                                                                          (12) 

𝑐�̃� 𝑖 𝑖

𝐼 = (𝐼1, 𝐼2) 𝐻

𝛼𝑠,𝑖 𝐵𝑠 = (𝑏𝑠,1, 𝑏𝑠,2) 𝛾𝑠 , 𝜗𝑖 𝜙(𝑢) = 1/(1 + 𝑒−𝑢)

𝑰𝟏, 𝑰𝟐 �̃�𝟏 �̃�𝟐

𝐻 =

15 𝐻 ∈ {10, 20}

𝑠 ∈ {𝑞𝑖: 𝑞𝑖 = �̂�0𝑚𝑖𝑛
+ 𝑖 × (�̂�0𝑚𝑎𝑥

− �̂�0𝑚𝑖𝑛
)/𝑀, 𝑖 = 0, … , 𝑀}2,                                    (13a)

𝑆 = [�̂�0𝑚𝑖𝑛
;  �̂�0𝑚𝑎𝑥

]2 = [3,2;  12,8]2, 𝑀 = 20.                                                                (13b)

𝑆



 

(𝑀 + 1)2 = 441 𝑀 = 20

𝜀𝑖 = |�̂�𝑖,0 − 𝑐�̃�|/ �̂�𝑖,0, 𝑖 = 1, 2, 𝑐�̃� �̂�𝑖,0 𝑖

𝜀�̅� , 𝑖 = 1, 2

𝑝 𝑞 𝜀�̅�(𝑝, 𝑞), 

𝑖 = 1, 2 𝜀�̅�𝑎𝑥 ≈ 0,45

𝑒𝑖(𝑝, 𝑞) = (𝜀�̅�(𝑝, 𝑞)/𝜀�̅�𝑎𝑥) × 100%, 𝑖 = 1, 2

𝑒𝑖(𝑝, 𝑞) 𝐴 =

{1, 2, … 10} 𝑝 ∈ 𝐴 𝑞 ∈ 𝐴 𝑒𝑖(𝑝, 𝑞),

𝑖 = 1, 2 (𝑝, 𝑞) ∈ 𝐴2 𝛼 
2 ∈ {0,1; 1; 10}

𝒆𝒊(𝒑, 𝒒), 𝒊 = 𝟏, 𝟐 𝜶 
𝟐 𝜶 

𝟐 = 𝟎, 𝟏 𝜶 
𝟐 = 𝟏

𝜶 
𝟐 = 𝟏𝟎



𝑝 = 𝑞 = 1

𝜀�̅�𝑎𝑥 𝑒𝑖(𝑝, 𝑞) ≈ 100%

𝛼 
2 = 1 𝑒𝑖(𝑝, 𝑞) ≈ 80% 𝛼 

2 ∈ {0,1;  10}

𝑝 = 𝑞 = 1

𝑝 = 1 𝑞 = 1

𝑞 = 1 𝑝

𝑝

𝛼 
2 𝑝

𝑒𝑖(𝑝, 𝑞) ≈ 1%, 𝑖 = 1, 2 𝑝 = 𝑞 = 10

𝛼 
2 = 0,1 𝑒1(10, 10) ≈ 4%

𝑝 𝑞

𝛼 
2 = 1 𝑞 = 4

𝑞 > 4

𝛼 
2 = 1

𝑝 > 4 𝑞 > 4 𝑝 > 1 𝑞 > 1

𝛼1,1
2 < 𝛼2,1

2 , 𝛼1,2
2 < 𝛼2,2

2

𝛼𝑖
2 ≫ 1

𝑝 > 4 𝑞 > 4

𝛼𝑖
2 ≫ 1

(𝛽)



 


